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Axially symmetric multi-baryon solutions and their quantization
in the chiral quark soliton model
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In this paper, we study axially symmetric solutions with B = 2 − 5 in the chiral quark soliton
model. In the background of axially symmetric chiral fields, the quark eigenstates and profile
functions of the chiral fields are computed self-consistently. The resultant quark bound spectrum
are doubly degenerate due to the symmetry of the chiral field. Upon quantization, various observable
spectra of the chiral solitons are obtained. Taking account of the Finkelstein-Rubinstein constraints,
we show that our results exactly coincide with the physical observations for B = 2 and 4 while B = 3
and 5 do not.
PACS numbers: 12.39.Fe, 12.39.Ki, 21.60.-n, 24.85.+p
I. INTRODUCTION
The chiral quark soliton model(CQSM) was developed
in 1980’s as a low-energy effective theory of QCD. Since
it includes the Dirac sea quark contribution and ex-
plicit valence quark degrees of freedom, the model in-
terpolates between the constituent quark model and the
Skyrme model [1, 2, 3, 4, 5]. The CQSM is derived from
the instanton liquid model of QCD vacuum and incor-
porates the non-perturbative feature of the low-energy
QCD, spontaneous chiral symmetry breaking. It has
been shown that the B = 1 solution provides correct
observables as a nucleon including mass, electromagnetic
value, spin carried by quarks, parton distributions and
octet SU(3) baryon spectra.
For B = 2, the stable axially symmetric soliton solu-
tion was found in [6]. The solution exhibits doubly de-
generate bound spectrum of the quark orbits in the back-
ground of the axially symmetric chiral field with winding
number two. Upon quantization, various dibaryon spec-
tra were obtained, showing that the quantum number of
the ground state exactly coincide with that of physical
deuteron [7, 8]. For B > 2, the Skyrme model predicts
that the solutions have only discrete, crystal-like symme-
tries [9, 10, 11]. According to the prediction, we stud-
ied the CQSM with B = 3 tetrahedrally symmetric chi-
ral fields and obtained triply degenerate spectrum of the
quark orbits [12]. Its large degeneracy indicates that the
terahedrally symmetric solution may be the lowest-lying
configuration. For B > 3, one can also expect that the
lowest-lying solutions in the CQSM inherits the discrete
symmetries predicted in the Skyrme model. Studying
solutions with those symmetries in CQSM is, however,
formidable especially for quantization. Thus, before em-
barking those discrete symmetries, it will be instructive
to study axially symmetric solutions which are much sim-
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pler. Besides, considering the fact that for some higher
baryon numbers, the ground states of the skyrmions do
not agree with the experimental observation [13] , the
possibility that axially symmetric solutions provide cor-
rect ground states can not be excluded. Recently, it was
found in Ref. [14] that in the BPS monopoles all axially
symmetric solutions up to chrage five have lower energy
than that of discrete symmetries. A cylindrical shape
isomer in 12C was also found in the Skyrme model frame-
work [15]. Research of axially symmetric solitons is thus
in progress.
In Sec.II, we shall obtain axially symmetric classical
soliton solutions with B = 2 − 5. The solutions exhibit
doubly degenerate spectra due to their axial symmetry.
Such degeneracy generates large shell gaps and confirms
that the solutions are stable local minima. In Sec.III, we
shall quantize the obtained classical solitons semiclassi-
cally. Imposing the Finkelstein-Rubinstein constraints
on the states, the ground states of the axially symmetric
solitons are constructed and examined if they agree with
the experimental observation. In Sec.IV is the detail of
the numerical analysis used to obtain the classical and
quantum solutions. Conclusions and discussions are in
Sec.V.
II. AXIALLY SYMMETRIC CLASSICAL
SOLUTIONS
The CQSM is derived from the instanton liquid model
of the QCD vacuum and incorporates the nonperturba-
tive feature of the low-energy QCD, spontaneous chiral
symmetry breaking. The vacuum functional is defined
by [1]
Z =
∫
DπDψDψ† exp
[
i
∫
d4x ψ¯ (i6∂ −MUγ5)ψ
]
(1)
where the SU(2) matrix
Uγ5 =
1 + γ5
2
U +
1− γ5
2
U † with U = exp (iτ ·pi/fpi)
2describes chiral fields, ψ is quark fields and M is the
constituent quark mass. fpi is the pion decay constant
and experimentally fpi ∼ 93MeV.
The B = 1 soliton solution has been studied in de-
tail at classical and quantum level in [1, 2, 3, 4, 5]. To
obtain solutions with B > 1, we shall employ the chi-
ral fields with winding number B in the Skyrme Model
as the background of quarks, which can be justified as
follows.
In Eq.(1), performing the functional integral over ψ
and ψ† fields, one obtains the effective action
Seff(U) = −iNc Sp ln iD = −iNc log det iD, (2)
where iD = i/∂−MUγ5 is the Dirac operator. The classi-
cal solutions can be obtained by the extremum condition
of (2) with respect to U . For this purpose, let us consider
the derivative expansion of the action [5, 16, 17]. Up to
quartic terms, we have,
Seff =
∫
d4x
[
Ctr(LµL
µ)
+
Nc
32π2
tr
{ 1
12
[Lµ, Lν]
2 − 1
3
(∂µL
µ) +
1
6
(LµL
µ)2
}]
,
(3)
where Lµ = ∂µUU
†. Suitably adjusting the coeffi-
cients, one can identify (3) with the Skyrme model action.
Therefore, it will be justified to adopt the configurations
of the solutions in the Skyrme model to chiral fields in
the CQSM.
In the Skyrme model the minimal energy pion config-
uration with B = 2 has an axial symmetry [18] and can
be written by
U(x) = cosF (ρ, z) + iτ · nˆ sinF (ρ, z), (4)
where
nˆ = (sinΘ(ρ, z) cosmwϕ, sinΘ(ρ, z) sinmwϕ, cosΘ(ρ, z))
(5)
and mw is the winding number of the pion fields. We
shall use this configuration in the backgound to obtain
axially symmetric chiral quark solitons.
In the CQSM, the number of valence quark is associ-
ated with the baryon number such that the baryon num-
ber B soliton consist of Nc×B valence quarks. If the cor-
relation between quarks is sufficiently strong, their bind-
ing energy become large and the valence quarks can not
be observed as positive energy particles [23, 24]. Thus,
one gets the picture of the topological soliton model in the
sense that the baryon number coincide with the winding
number of the background chiral field when the valence
quarks occupy all the levels diving into negative energy
region.
Let us rewrite the effective action in (2) as
Seff = −iNc log det(i/∂ −MUγ5)
= −iNc log det
(
i∂t −H(Uγ5)
)
(6)
where
H(Uγ5) = −iα · ∇+ βMUγ5 . (7)
The classical energy of the soliton can be estimated from
the quark determinant in Eq.(6) [25, 26]. We introduce
the eigenstates of operatos, i∂t − H(Uγ5) and H(Uγ5),
such that
H(Uγ5)φµ(x) = Eµφµ(x) (8)(
i∂t −H(Uγ5)
)
Ψµ,n = λµ,nΨµ,n . (9)
where Ψµ,n = e
−iωntφµ and λµ,n = −Eµ + ωn. Impos-
ing on Ψµ,n the anti-periodicity condition, Ψµ,n(x, T ) =
−Ψµ,n(x, 0), reads
ωnT = (2n+ 1)π. (10)
The determinant in Eq.(6) then becomes
det(i∂t −H) =
∏
µ,n
λµ,n
=
∏
µ,n
(
−Eµ + (2n+ 1)π
T
)
= C
∏
µ,n≥0
(
1− |Eµ|
2T 2
(2n+ 1)2π2
)
= C
∏
µ
cos
(1
2
|Eµ|T
)
=
C
2
exp
(
i
1
2
∑
µ
|Eµ|T
)
×
∏
µ
(
1 + exp(−i|Eµ|T )
)
(11)
where
C =
∏
n≥0
(
− (2n+ 1)
2π2
T 2
)
and the product formula for the cosine function cos(z) =∏∞
n≥1(1−4z2/(2n−1)2π2) has been used. Inserting (11)
into (6), one obtains
Seff = −NcT
∑
µ
nµ|Eµ|+NcT 1
2
∑
µ
|Eµ| (12)
where nµ is the valence quark occupation number which
takes values only 0 or 1. Correspondingly, the classical
energy is given by
E = Eval + Efield (13)
where
Eval = Nc
∑
µ
nµ|Eµ| ,
Efield = −1
2
Nc
∑
µ
|Eµ| .
3representing the valence quark and sea quark contribu-
tion to the total energy respectively.
The effective action Seff(U) is ultraviolet divergent and
hence must be regularized. Using the proper-time regu-
larization scheme [27], we can write
Sregeff [U ] =
i
2
Nc
∫ ∞
1/Λ2
dτ
τ
Sp
(
e−D
†Dτ − e−D†0D0τ
)
=
i
2
NcT
∫ ∞
−∞
dω
2π
∫ ∞
1/Λ2
dτ
τ
×Sp
[
e−τ(H
2+ω2) − e−τ(H20+ω2)
]
(14)
where D0 and H0 are operators with U = 1. The total
energy is then given by
Estatic[U ] = Eval[U ] + Efield[U ]− Efield[U = 1] (15)
where
Eval = Nc
∑
i
E
(i)
val
Efield = Nc
∑
µ
{
N (Eµ)|Eµ|+ Λ√
4π
exp
[
−
(
Eµ
Λ
)2]}
with
N (Eµ) = − 1√
4π
Γ
(
1
2
,
(
Eµ
Λ
)2)
and E
(i)
val is the valence energy of the i th valence quark. Λ
is a cutoff parameter evaluated by the condition that the
derivative expansion of (14) reproduces the pion kinetic
term with the correct coefficient, i.e.,
f2pi =
NcM
2
4π2
∫ ∞
1/Λ2
dτ
τ
e−τM
2
. (16)
The extremum conditions for the total energy
δ
δF (ρ, z)
Estatic[U ] = 0 ,
δ
δΘ(ρ, z)
Estatic[U ] = 0 (17)
yield the following equations of motion for the profile
functions,
RT (ρ, z) cosΘ(ρ, z) = RL(ρ, z) sinΘ(ρ, z) (18)
S(ρ, z) sinF (ρ, z) = P (ρ, z) cosF (ρ, z) (19)
where
P (ρ, z) = RT (ρ, z) sinΘ(ρ, z) +RL(ρ, z) cosΘ(ρ, z) .
(20)
In terms of eigenfunction φ in Eq.(8), RT ,RL and S are
given by
RT (ρ, z) = RTval(ρ, z) +R
T
0 (ρ, z) (21)
RL(ρ, z) = RLval(ρ, z) +R
L
0 (ρ, z) (22)
S(ρ, z) = Sval(ρ, z) + S0(ρ, z) (23)
where
RTval(ρ, z) =
∑
i
∫
dϕφ¯i(ρ, ϕ, z)iγ5
×(τ1 cosmwϕ+ τ2 sinmwϕ)φi(ρ, ϕ, z) ,
RT0 (ρ, z) =
∑
µ
N (Eµ) sgn(Eµ)
∫
dϕφ¯µ(ρ, ϕ, z)iγ5
×(τ1 cosmwϕ+ τ2 sinmwϕ)φµ(ρ, ϕ, z) ,
RLval(ρ, z) =
∑
i
∫
dϕφ¯i(ρ, ϕ, z)iγ5τ3φi(ρ, ϕ, z) ,
RL0 (ρ, z) =
∑
µ
N (Eµ) sgn(Eµ)
∫
dϕφ¯µ(ρ, ϕ, z)iγ5
×τ3φµ(ρ, ϕ, z) ,
Sval(ρ, z) =
∑
i
∫
dϕφ¯i(ρ, ϕ, z)φi(ρ, ϕ, z) ,
S0(ρ, z) =
∑
µ
N (Eµ) sgn(Eµ)
∫
dϕφ¯µ(ρ, ϕ, z)φµ(ρ, ϕ, z) .
and subscripts, 0 and val, represent the vacuum and va-
lence quark contributions respectively. The boundary
conditions for the profile functions were constructed by
Braaten and Carson [22];
F (ρ, z)→ 0 as ρ2 + z2 →∞,
F (0, 0) = −π, Θ(0, z) =
{
0, z > 0
π, z < 0
. (24)
The procedure to obtain the self-consistent solutions of
Eq.(18) and (19) is 1) solve the eigenequation in Eq.(9)
under assumed initial profile functions F0(ρ, z),Θ0(ρ, z)
which satisfy the boundary conditions eqs.(24), 2) use
the resultant eigenfunctions and eigenvalues to calculate
RT , RL, S and also P in Eq.(20), 3) solve Eq. (18) and
(19) to obtain new profile functions, and 4) repeat 1)−3)
until the self-consistency is attained.
In Figs. 1-4, we show the spectrum of the quark orbits
in the background of chiral fields with winding number
mw = 2− 5, as a function of the size parameter X . The
profile functions are parameterized by X as
F (ρ, z) = −π + π
√
ρ2 + z2/X for X ≤
√
ρ2 + z2
= 0 otherwise, (25)
Θ(ρ, z) = tan−1(ρ/z). (26)
To examine the spectrum in detail, let us consider the
Hamiltonian defined in (7). For the axially symmetric
chiral field in Eq.(4), this Hamiltonian commutes with
the third component of the grand spin operator K3 and
the time-reversal operator T . These are specifically,
K3 = L3 +
1
2
σ3 +
1
2
mwτ3 (27)
T = iγ1γ3 · iτ1τ3C (28)
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FIG. 1: Spectrum of the quark orbits with B = 2 as a func-
tion of the soliton size parameter X.
where L3, σ3, and τ3 are respectively the third component
of orbital angular momentum, spin, and isospin operator,
and C is a charge conjugation operator. The parity op-
erator is defined by P = γ0 for odd B, and P = γ0τ3
for even B. Thus, the eigenvalues of the Hamiltonian
can be specified by the magnitude of K3 and the parity
π = ±. We have K3 = 0,±1,±2,±3, · · · for odd B, and
K3 = ± 12 ,± 32 ,± 52 ,± 72 , · · · for even B. Since the Hamil-
tonian is invariant under time reverse, the states of +K3
and −K3 are degenerate in energy.
Fig.1 shows the quark spectrum with mw = 2. The
bound states diving into negative region are doubly de-
generate with K3 = ± 12 . Thus putting Nc = 3 va-
lence quarks on each of the bound levels, we have the
B = 2 soliton solution. For mw = 3, the spectrum
of K3 = ±1−(double degeneracy) and K3 = 0+ states
dive into negative-energy region. Thus, we have the
B = 3 soliton solution. For mw = 4, the spectrum
of K3 = ± 12
+
and K3 = ± 32
−
(both doubly degener-
ate) states dive into negative region. Thus, we have the
B = 4 soliton solution. For mw = 5, the spectrum of
K3 = ±2+(double), K3 = ±1−(double) and K3 = 0+
states dive into negative-energy region. Thus we have the
B = 5 soliton solution. These results confirm that the
baryon number of the soliton is identified with the num-
ber of diving levels occupied by Nc valence quarks. It can
be seen that the degeneracy which occurs due to symme-
try of the chiral field reduces the number of states and
hence makes large shell gaps. This observation indicates
that degeneracy in spectrum contribute to make classical
energies of the soliton solutions lower. In fact, our B = 2
solution which is considered to be the minimum energy
soliton from the study of the B = 2 skyrmions provides
the maximum degeneracy in spectrum. It will be in-
teresting to study minimum solutions from this point of
view.
The baryon number density is defined by the zeroth
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FIG. 2: Spectrum of the quark orbits with B = 3.
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FIG. 3: Spectrum of the quark orbits with B = 4.
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FIG. 4: Spectrum of the quark orbits with B = 5.
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FIG. 5: Contour plot of the profile functions with B = 2.
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FIG. 6: Contour plot of the profile functions with B = 3.
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FIG. 7: Contour plot of the profile functions with B = 4.
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FIG. 8: Contour plot of the profile functions with B = 5.
7TABLE I: The classical mass for B = 1 ∼ 5 ([MeV ]).
B Valence Vacuum Total
1 173 674 1192
2 173 173 1166 2204
3 173 173 298 1561 3493
4 106 106 232 232 2727 4753
5 145 145 319 319 409 2537 6543
TABLE II: The mean radius and mean root square radius in
each baryon number for B = 1 − 5 .(The result of B = 1 is
quoted by Ref. [5]).
B 〈ρ〉[fm]
√
〈r2〉[fm]
1 0.785
2 0.672 0.821
3 0.659 0.854
4 0.971 1.140
5 1.048 1.225
component of the baryon current [2],
〈B〉 = 1
Nc
〈ψ¯γ0ψ〉 = 〈B〉val + 〈B〉0 (29)
where
〈B〉val = 1
Nc
∑
i
∫
dϕφ†i (ρ, ϕ, z)φi(ρ, ϕ, z)
〈B〉0 = 1
Nc
[∑
µ
N (Eµ) sgn(Eµ)
×
∫
dϕφ†µ(ρ, ϕ, z)φµ(ρ, ϕ, z)
−
∑
µ
N (E(0)µ ) sgn(E(0)µ )
×
∫
dϕφ(0)†µ (ρ, ϕ, z)φ
(0)
µ (ρ, ϕ, z)
]
.
The contour plot of the baryon number density for each
baryon number is shown in Fig. 9. It can be seen that
they have toroidal in shape.
The mean radius 〈ρ〉 is given by
〈ρ〉 = 〈ρ〉val + 〈ρ〉0. (30)
where
〈ρ〉val =
1
mw
∑
i
∫
ρdρdzdϕρφ†i (ρ, ϕ, z)φi(ρ, ϕ, z)
〈ρ〉0 =
1
mw
∑
µ
N (Eµ) sgn(Eµ)
×
∫
ρdρdzdϕρφ†µ(ρ, ϕ, z)φµ(ρ, ϕ, z) .
The root mean square radius is given by√
〈r2〉 =
√
〈r2〉val +
√
〈r2〉0 (31)
where
〈r2〉val = 1
mw
∑
i
∫
ρdρdzdϕ(ρ2 + z2)φ†i (ρ, ϕ, z)φi(ρ, ϕ, z)
〈r2〉0 = 1
mw
∑
µ
N (Eµ) sgn(Eµ)
×
∫
ρdρdzdϕ(ρ2 + z2)φ†µ(ρ, ϕ, z)φµ(ρ, ϕ, z) .
These values for each baryon number are shown in Ta-
ble II.
III. QUANTIZATION
A. Rotational Zero Mode Quantization
The solitons that we obtained in the previous section
are classical objects and therefore must be quantized to
assign definite spin and isospin to them. Quantization
of the solitons can be performed semiclassically for their
rotational zero modes. For the hedgehog soliton, because
of its topological structure, a rotation in isospin space
is followed by a simultaneous spatial rotation. For the
axially symmetric soliton, there are six rotational zero
modes by rotations of iso-degrees of freedom and spatial
rotations.
Let us introduce the “dynamically rotated” chiral fields
[22]
U(x, t) = A(t)U(x′)A(t)†, xi
′
= Ξij [B(t)]x
j (32)
where
Ξij [B(t)] =
1
2
Tr[σiB(t)σjB(t)
†] , (33)
and A(t) and B(t) are time-dependent SU(2) matrices
generating an iso-rotation and a spatial rotation respec-
tively. By transforming the rotating frame of reference,
the Dirac operator with Eq. (32) can be written as
˜iD = i/∂ −MUγ5(x, t)
= A(t)S(t)†γ0[i∂t + iγ˜0γ˜k∂k
′ − Uγ5(x′) + iA†A˙
+iS†S˙]S(t)A(t)† (34)
where
γ˜µ = ΛµνSγ
νS† =
(
γ0
γk + (r′ × θ˙)kγ0
)
, (35)
and S(t) is the rotation operator for the Dirac field and θ
is an angle of the spatial rotation. Note that the gamma
matrices γ˜µ explicitly depend on the coordinates and do
not transform as a contravariant vector [28]. Substitut-
ing Eq. (35) into Eq. (34), one obtains
˜iD = A(t)S(t)†γ0[i∂t −H(Uγ5) + ΩA +ΩB]S(t)A(t)†
(36)
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FIG. 9: baryon number density [fm−3].
where
ΩA = iA
†A˙ =
1
2
ΩaAτa (37)
ΩB = iS
†S˙ + (r × p) · θ˙ = ΩaBJb (38)
with Ja = 1/2ǫabcγ
bγc − i(r ×∇)a. ΩA and ΩB are the
angular velocity operators for an isorotation and for a
spatial rotation respectively. Assuming that the rotation
of the soliton is adiabatic, we shall expand the effective
action Seff around the classical solution US with respect
to the angular momentum velocity ΩA and ΩB up to
second order [29]
Seff(U)
= Seff(US)− iNc Sp
[
log
(
i∂t −H(Uγ5S ) + ΩA +ΩB
)]
− Sp [log(i∂t −H(Uγ5S )] (39)
With the proper-time regularization, we have
Sregeff (U) = S
reg
eff (US)
+
1
2
∫
dt
[
IAA0,abΩ
a
A(t)Ω
b
A(t) + I
AB
0,abΩ
a
A(t)Ω
b
B(t)
+IBA0,abΩ
a
B(t)Ω
b
A(t) + I
BB
0,abΩ
a
B(t)Ω
b
B(t)
]
(40)
where I0s are the vacuum sea contributions to the mo-
ments of inertia defined by
IAA0,ab =
1
8
Nc
∑
n,m
f(Em, En,Λ)〈n|τa|m〉〈m|τb|n〉
IAB0,ab =
1
4
Nc
∑
n,m
f(Em, En,Λ)〈n|τa|m〉〈m|Jb|n〉
IBA0,ab =
1
4
Nc
∑
n,m
f(Em, En,Λ)〈n|Ja|m〉〈m|τb|n〉
IBB0,ab =
1
2
Nc
∑
n,m
f(Em, En,Λ)〈n|Ja|m〉〈m|Jb|n〉
9with the cutoff function f(Em, En,Λ)
f(Em, En,Λ)
= − 2Λ√
π
e−E
2
m
/Λ2 − e−E2n/Λ2
E2m − E2n
+
sgn(Em)erfc(|Em|/Λ)− sgn(En)erfc(|En|/Λ)
Em − En .
(41)
Similarly, for the valence quark contribution to the mo-
ments of inertia, we have
IAAval,ab =
1
2
Nc
∑
m 6=val
〈val |τa|m〉〈m|τb| val〉
Em − Eval
IABval,ab = Nc
∑
m 6=val
〈val |τa|m〉〈m|Jb| val〉
Em − Eval
IBAval,ab = Nc
∑
m 6=val
〈val |Ja|m〉〈m|τb| val〉
Em − Eval
IBBval,ab = 2Nc
∑
m 6=val
〈val |Ja|m〉〈m|Jb| val〉
Em − Eval . (42)
The total moments of inertia are then given by the sum
of the vacuum and valence as
IAAab = I
AA
val,ab + I
AA
0,ab
IABab = I
AB
val,ab + I
AB
0,ab
IBAab = I
BA
val,ab + I
BA
0,ab
IBBab = I
BB
val,ab + I
BB
0,ab.
From axial symmetry of the system, following relations
are derived
Iij = 0, i 6= j,
IAA11 = I
AA
22 , I
BB
11 = I
BB
22 ,
IAB11 = I
AB
22 = I
BA
11 = I
BA
22 = 0,
IBB33 = m
2IAA33 , I
AB
33 = I
BA
33 = −mwIAA33 . (43)
Theoretically, these moments of inertia can be computed
using the eigenstates of Eq.(9). However, due to the dif-
ference of the boundary conditions between the initial
and final states of the matrix element, the moments of
inertia acquire nonzero values with vanishing pion fields.
To overcome this problem, we make the following replace-
ment [30]
〈n|Ja|m〉 → 〈n|[H(Uγ5S ), Ja]|m〉/(En − Em)
= 〈n|[MUγ5S , la]|m〉/(En − Em) (44)
where la = −i(r×∇)a. Unless the Hamiltonian explicitly
depend on the coordinates, the numerator vanishes with
vanishing pion fields. The spurious contributions to the
moment of inertia can be removed in this way.
TABLE III: Moments of inertia.
B Valence Sea Total
2 IAA11 0.00773 0.00363 0.01136
IBB11 0.01141 0.00464 0.01605
IAA33 0.00429 0.00125 0.00554
3 IAA11 0.01231 0.00280 0.01511
IBB11 0.02174 0.00384 0.02558
IAA33 0.00594 0.00027 0.00622
4 IAA11 0.01408 0.00959 0.02366
IBB11 0.04272 0.01245 0.05517
IAA33 0.01172 0.00074 0.01246
5 IAA11 0.02786 0.00716 0.03502
IBB11 0.12124 0.01112 0.13236
IAA33 0.01368 0.00007 0.01375
The quantization conditions for the collective coordi-
nates, A(t) and B(t), define a body-fixed isospin operator
K and a body-fixed angular momentum operator L as
IAAab Ω
b
A + I
AB
ab Ω
b
B → − tr
(
A
τa
2
∂
∂A
)
≡ −Ka (45)
IBAab Ω
b
A + I
BB
ab Ω
b
B → tr
(
σa
2
B
∂
∂B
)
≡ −La. (46)
These are related to the usual coordinate-fixed isospin
operator Ia and coordinate-fixed angular momentum Ja
operator by transformations,
Ia = −Ξba[A(t)]Kb, Ja = −Ξba[B(t)]TLb. (47)
To estimate the quantum energy corrections, let us in-
troduce the basis functions of the spin and isospin oper-
ators which were inspired from the cranking method for
nuclei [21, 31],
〈A,B|ii3k3, jj3l3〉
=
√
(2i+ 1)(2j + 1)
8π2
Di ∗i3k3(A)D
j ∗
j3,−mwk3
(B)
where D is the Wigner rotation matrix. Then, we find
the quantized energies of the soliton as
E = Estatic +
1
2IAA11
i(i+ 1) +
1
2IBB11
j(j + 1)
+
1
2
(
1
IAA33
− 1
IAA11
− m
2
w
IBB11
)
k23 (48)
where i(i + 1), j(j + 1) and k3 are eigenvalues of the
Casimir operators I2 and J2, and the operator K3, re-
spectively.
On Table III are the results of our calculation of mo-
ments of inertia, IAA11 , I
BB
11 and I
AA
33 , with B = 2 − 5.
It is instructive to compare our results with the Skyrme
model [22] where U11 = 0.104, V11 = 0.163 and U33 =
0.0709 which are correspondingly our IAA11 , I
BB
11 and I
AA
33 .
They are qualitatively in good agreement.
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B. Finkelstein-Rubinstein constraints
If a multi-skyrmion describes atomic nuclei upon quan-
tization,
it has to be quantized as a boson or as a fermion
whether B is even or odd. This requirement is imple-
mented in the form of Finkelstein-Rubinstein (FR) con-
straints [32]. The FR constraints for the rational map
ansatz was constructed in [13] and [33] and applied to
predict the ground states of skyrmions up to B = 22. In
this section, we shall apply the FR constraints for the
rational map ansatz directly to our axially symmetric
multi-skyrmions and obtain their ground states.
Following the notation in [33], let g be a rotation by
α around n followed by an isorotation by β around N.
Then the FR constraints can be defined as
exp(−iαn · J) exp(−iβN · I)ψ = χFR(g)ψ (49)
where
χFR(g) =
{
1 if contractible
−1 otherwise.
and, J and I are space-fixed spin and isospin operators
respectively. ψ is the wave function which transforms
under a tensor product of rotations and isorotations. In
particular, a closed loop is noncontractible for odd B and
contractible for even B, which is consistent with spin
statistics. Consequently, quantum numbers I and J are
half-integers for odd B and integers for even B.
In order to construct the ground states for a given
baryon number B, let us define N(L(α, β)) as a homo-
topy invariant for a loop L generated by rotations by α
and isorotations by β. Then, for the axially symmetric
rational map of degree B, it is given by [33]
N(L(α, β)) =
B
2π
(Bα− β) . (50)
It can be shown that N (mod 2) determines if the loop
is contractible or not in the same sense as B (mod 2).
Therefore, N (mod 2) gives the FR constraints for each
generator of the symmetry group of the rational map.
The axially symmetric rational map with degree B is
given by
R(z) =
1
zB
. (51)
There are two symmetric generators for this rational
map. One is a rotation by α followed by an isorota-
tion by β = Bα. Substituting it into (50), one obtains
N(L(α,Bα)) = 0. The FR constraints for this loop is
thus given by
e−ipi(L3−BK3)ψ = ψ . (52)
where we introduced the body-fixed spin (L) and isospin
(K) operators related to the space-fixed operators by or-
thogonal transformations. The other symmetry is C2
with transformation
z → 1
z
, R(z)→ 1
R(z)
. (53)
This corresponds to α = β = π and hence N(L(π, π)) =
B(B − 1)/2. The FR constraints for this loop is
e−ipi(L1+K1)ψ = (−1)B(B−1)/2ψ . (54)
In the following we construct the ground states con-
sistent with the derived FR constraints (52) and (54) for
B = 2− 5 with axial symmetry.
• B = 2
We find the FR constraints
e−ipi(L3−2K3)ψ = ψ (55)
e−ipi(L1+K1)ψ = −ψ . (56)
This gives the ground state as |J, L3〉 |I,K3〉 =
|1, 0〉 |0, 0〉.
• B = 3
We find the FR constraints
e−ipi(L3−3K3)ψ = ψ (57)
e−ipi(L1+K1)ψ = −ψ . (58)
This gives the ground state as
∣∣ 5
2 ,
3
2
〉 ∣∣1
2 ,
1
2
〉
.
• B = 4
We find the FR constraints
e−ipi(L3−4K3)ψ = ψ (59)
e−ipi(L1+K1)ψ = ψ . (60)
This gives the ground state as |0, 0〉 |0, 0〉.
• B = 5
We find the FR constraints
e−ipi(L3−5K3)ψ = ψ (61)
e−ipi(L1+K1)ψ = ψ . (62)
This gives the ground state as |J〉 |I〉 =∣∣ 7
2 ,
5
2
〉 ∣∣ 1
2 ,
1
2
〉
.
Thus, for even B, the axially symmetric solitons are pos-
sible candidates of the ground states of B atomic nuclei
as is the case of the deuteron and 4He while for odd B
they emerge only as excited states.
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IV. NUMERICAL ANALYSIS
A. Eigen Equations
In this subsection, we show the numerical analysis of
the eigen equations in detail. To solve the eigenequation
of the form,
[−iα ·∇+ βM(cosF (ρ, z) + iγ5τ · nˆ sinF (ρ, z)]φµ(x)
= Eµφµ(x) , (63)
we introduce the deformed harmonic oscillator spinor ba-
sis which was originally constructed by Gambhir et al. in
the relativistic mean field theory for deformed nuclei [34].
The upper and lower components of the Dirac spinors are
expanded separately by the basis as
φµ(x) =
(
fµ(x)
igµ(x)
)
=
( ∑
a fµaΦa(x, s)
i
∑
a˜ gµa˜Φa˜(x, s)
)
χImτ
(64)
whereΦa(x, s, τ) are the eigefunctions of a deformed har-
monic oscillator potential
Vosc(ρ, z) =
1
2
Mω2ρρ2 +
1
2
Mω2zz2 , (65)
and defined by
Φa(x,ms) =
1√
2π
φ|ω|nr (ρ)φnz (z)e
iωϕχSms (66)
with
φ|ω|nr (ρ) = N
|ω|
nr (
√
αρρ)
|ω|e−
1
2
αρρ
2
L|ω|nr (αρρ
2)
nr = 0, 1, 2, · · ·, Nrmax
φnz (z) = Nnze
− 1
2
αzz
2
Hnz(
√
αzz)
nz = 1, 3, · · ·, 2Nzmax + 1 or 0, 2, · · · , 2Nzmax ,
and
χ+ =
(
1
0
)
, χ− =
(
0
1
)
(67)
depending on if the eigenvalues of the third components
of the spin ms (isospin mτ ) takes +1 or −1. The func-
tions, L
|m|
nr and Hnz , are the associated Laguerre polyno-
mials and the Hermite polynomials with the normaliza-
tion constants
N |ω|nr =
√
2αρnr!
(nr + |ω|)! , Nnz =
1√
2nznz!
√
pi
αz
. (68)
These polynomials can be calculated by following recur-
sion relations
x
d
dx
Lαn(x) = nL
m
n (x)− (n+m)Lαn−1(x) (69)
Lm−1n (x) = L
m
n (x) − Lmn−1(x) (70)
and
Hn+1(x)− 2xHn(x) + 2nzHn−1(x) = 0 (71)
d
dx
Hn(x) = 2nHn−1(x) (72)
where constants αρ and αz can be expressed by the os-
cillator frequencies as
αρ =
Mωρ
~
, αz =
Mωz
~
(73)
which are free parameters chosen optimally. The Nrmax
and Nzmax are increased until convergence is attained.
The parity transformation rule of Φα is given by
Φα(ρ, ϕ+ π,−z; s, t) = (−1)ω+nzΦα(ρ, ϕ, z; s, t) (74)
where
Hnz(−
√
αzz) = (−1)nzHnz (
√
αzz), (75)
has been used. The parity is + for ω + nz = odd, and −
for ω + nz = even.
There are two sets of the complete basis for each parity.
One is the natural basis with KP3 = 0
+, 1−, 2+, · · · , for
odd B and KP3 =
1
2
+
, 32
−
, 52
+
, · · · for even B. Another is
the unnatural basis with KP3 = 0
−, 1+, 2−, · · · , for odd B
and KP3 =
1
2
−
, 32
+
, 52
−
, · · · for even B The natural basis
is given by
φ(n)µ (x) =

∑
α(0)
fα(0),µΦα(0)(x, ↑S) +
∑
α(1)
fα(1),µΦα(1)(x, ↓S)
i
∑
β(0)
gβ(0),µΦβ(0)(x, ↑S) + i
∑
β(1)
gβ(1),µΦβ(1)(x, ↓S)

 χIu +


∑
α(2)
fα(2),µΦα(2)(x, ↑S) +
∑
α(3)
fα(3),µΦα(3)(x, ↓S)
i
∑
β(2)
gβ(2),µΦβ(2)(x, ↑S) + i
∑
β(3)
gβ(3),µΦβ(3)(x, ↓S)

 χId
(76)
where
α(0) = {nr, nz : odd, ω0 ≡ K3 − 1/2−mw/2}
α(1) = {nr, nz : even, ω1 ≡ K3 + 1/2−mw/2}
α(2) = {nr, nz : even, ω2 ≡ K3 − 1/2 +mw/2}
α(3) = {nr, nz : odd, ω3 ≡ K3 + 1/2 +mw/2}
and
β(0) = {nr, nz : even, ω0 ≡ K3 − 1/2−mw/2}
β(1) = {nr, nz : odd, ω1 ≡ K3 + 1/2−mw/2}
β(2) = {nr, nz : odd, ω2 ≡ K3 − 1/2 +mw/2}
β(3) = {nr, nz : even, ω3 ≡ K3 + 1/2 +mw/2}.
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The unnatural basis φ
(u)
µ is given by replacing, α↔ β in
(76).
B. Matrix elements of the eigenequation
By using the natural and unnatural basis, the eigen-
value problem in Eq.(63) can be reduced to a symmetric
matrix diagonalization problem.
Let us calculate the matrix elements of the Hamilto-
nian below. For the kinetic term
α · p =
(
0 σ · p
σ · p 0
)
,
we have
〈Φα(0)|σ · p|iΦβ′(0)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕ
×
( ∂
∂z
)
φ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω
′
0ϕ
= δnrn′r (NnzNn′z
√
αzn
′
z
1
N2nz
δnzn′z−1
−1
2
NnzNn′z
√
αz
1
N2nz
δnzn′z+1)
=

 δω0ω
′
0
δnrn′r
N ′
nz
Nnz
√
αzn
′
zδnzn′z−1
δω0ω′0δnrn′r (− 12 )
N
n′
z
Nnz
√
αzδnzn′z+1
(77)
and
〈Φα(0)|σ · p|iφβ′(1)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕ
×e−iϕ
( ∂
∂ρ
− i
ρ
∂
∂ϕ
)
φ
|ω′1|
n′
r
(ρ)φn′
z
(z)eiω
′
1ϕ
=


δnzn′z
√
αr(
√
nr + ω0 + 1δnrn′r +
√
nrδnr−1n′r)
(ω0 ≥ 0 : ω′1 = ω0 + 1 > 0)
−δnzn′z
√
αr(
√
nr − ω0δnrn′r +
√
nr + 1δnrn′r−1).
(ω0 < 0 : ω
′
1 = ω0 + 1 ≤ 0)
(78)
In the natural basis, quantum numbers (nz, n
′
z)
takes values (1, 2), (3, 4), · · · for the upper part and
(1, 0), (3, 2), · · · for the lower part. In the unnatural ba-
sis, (nz, n
′
z) = (0, 1), (2, 3), · · · for the upper part and
(nz, n
′
z) = (2, 1), (3, 2), · · · for the lower part.
For the potential term
βM(cosF (ρ, z) + iγ5τ · nˆ sinF (ρ, z))
=M
(
cosF (ρ, z) iτ · nˆ sinF (ρ, z)
−iτ · nˆ sinF (ρ, z) − cosF (ρ, z)
)
,
we have
〈Φα(0)χIu|M cosF (ρ, z)|Φα′(0)χIu〉
=
∫
ρdρdzM cosF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ|ω0|n′r (ρ)φn′z (z) (79)
〈Φα(0)χIu|Miτ · nˆ sinF (ρ, z)|iΦβ′(0)χIu〉
= −
∫
ρdρdzM cosΘ(ρ, z) sinF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ
|ω′
o
|
n′r
(ρ)φn′z (z) (80)
and
〈Φα(0)χIu|Miτ · nˆ sinF (ρ, z)|iΦβ′(2)χId〉
= −
∫
ρdρdzM sinΘ(ρ, z) sinF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ|ω2|n′r (ρ)φn′z(z) . (81)
Other elements can be calculated in the same manner.
In Appendix A, we shall present these calculations of the
matrix elements in more detail.
C. Matrix Elements for the Moments of Inertia
To compute the matrix elements of the moments of in-
ertia, we shall evaluate 〈n|τ1|m〉, 〈n|τ3|m〉 and 〈n|J1|m〉.
For 〈n|τ1|m〉, only following elements survive
〈Φ(n)α(0)χIu|τ1|Φ(u)α′(2)χId〉 = 〈Φ(n)β(0)χIu|τ1|Φ(u)β′(2)χId〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕφ
|ω′2|
n′
r
(ρ)φn′
z
(z)eiω
′
2ϕ
= δnrn′rδnzn′zδK3−mw2 K′3+
mw
2
〈Φ(n)α(1)χIu|τ1|Φ(u)α′(3)χId〉 = 〈Φ(n)β(1)χIu|τ1|Φ(u)β′(3)χId〉
=
1
2π
∫
d3xφ|ω1|nr (ρ)φnz (z)e
−iω1ϕφ
|ω′3|
n′
r
(ρ)φn′
z
(z)eiω
′
3ϕ
= δnrn′rδnzn′zδK3−mw2 K′3+
mw
2
〈Φ(n)α(2)χId|τ1|Φ(u)α′(0)χIu〉 = 〈Φ(n)β(2)χId|τ1|Φ(u)β′(0)χIu〉
=
1
2π
∫
d3xφ|ω2|nr (ρ)φnz (z)e
−iω2ϕφ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω
′
0ϕ
= δnrn′rδnzn′zδK3+mw2 K′3−
mw
2
〈Φ(n)α(3)χId|τ1|Φ(u)α′(1)χIu〉 = 〈Φ(n)β(3)χId|τ1|Φ(u)β′(1)χIu〉
=
1
2π
∫
d3xφ|ω3|nr (ρ)φnz (z)e
−iω3ϕφ
|ω′1|
n′
r
(ρ)φn′
z
(z)eiω
′
1ϕ
= δnrn′rδnzn′zδK3+mw2 K′3−
mw
2
. (82)
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For 〈n|τ3|m〉,
〈Φα(0)χIu|τ3|Φα′(0)χIu〉 = 〈Φα(1)χIu|τ3|Φα′(1)χIu〉
= 〈Φβ(0)χIu|τ3|Φβ′(0)χIu〉 = 〈Φβ(1)χIu|τ3|Φβ′(1)χIu〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕφ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω
′
0ϕ
= δnrn′rδnzn′zδK3K′3
〈Φα(2)χId|τ3|Φα′(2)χId〉 = 〈Φα(3)χId|τ3|Φα′(3)χId〉
= 〈Φβ(2)χId|τ3|Φβ′(2)χId〉 = 〈Φβ(3)χId|τ3|Φβ′(3)χId〉
= − 1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕφ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω
′
0ϕ
= −δnrn′rδnzn′zδK3K′3 . (83)
For 〈n|J1|m〉, we shall eveluate 〈n|[H(Uγ50 ), J1]|m〉 in-
stead with the replacement of (44),
〈n|[H(Uγ50 ), J1]|m〉
= 〈n|[βM(cosF (ρ, z) + iγ5τ · nˆ sinF (ρ, z)), l1]|m〉
= −〈n|l1[βM(cosF (ρ, z) + iγ5τ · nˆ sinF (ρ, z))]|m〉
where
l1 = −1
2
[
eiϕ
(
ρ
∂
∂z
− z ∂
∂ρ
− i z
ρ
∂
∂ϕ
)
− e−iϕ
(
ρ
∂
∂z
− z ∂
∂ρ
+ i
z
ρ
∂
∂ϕ
)]
l2 = −1
2
i
[
eiϕ
(
ρ
∂
∂z
− z ∂
∂ρ
− i z
ρ
∂
∂ϕ
)
+ e−iϕ
(
ρ
∂
∂z
− z ∂
∂ρ
+ i
z
ρ
∂
∂ϕ
)]
l3 = −i ∂
∂ϕ
(84)
are the components of the angular momentum operator l in cylindrical coordinates. Using eqs.(84), one obtains
〈Φ(n)α(0)|e±iϕ
[(
ρ
∂
∂z
− z ∂
∂ρ
∓ i z
ρ
∂
∂ϕ
)
cosF (ρ, z)
]
|Φ(u)α′(0)〉
= −
∫
ρdρdzN |ω0|nr N
|ω′0|
n′
r
(
√
αρ)
|ω0|+|ω
′
0|e−αρρ
2
NnzNn′ze
−αzz
2
×
{
ρ|ω0|+|ω
′
0|+1L|ω0|nr (αρρ
2)L
|ω′0|
n′
r
(αρρ
2)
×√αz
[(
nzHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)
Hn′
z
(
√
αzz)
+Hnz(
√
αzz)
(
n′zHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)]
−ρ|ω0|+|ω′0|−1
[(
(2nr + |ω0| − αρρ2)L|ω0|nr (αρρ2)− 2(nr + |ω0|)L|ω0|nr−1(αρρ2)
)
L
|ω′0|
n′
r
(αρρ
2)
+L|ω0|nr (αρρ
2)
(
(2n′r + |ω′0| − αρρ2)L|ω
′
0|
n′
r
(αρρ
2)− 2(n′r + |ω′0|)L|ω
′
0|
n′
r
−1(αρρ
2)
)
± L|ω0|nr (αρρ2)L
|ω′0|
n′
r
(αρρ
2)
]
×Hnz(
√
αzz)zHn′
z
(
√
αzz)
}
cosF (ρ, z)δK3∓ 12K′3±
1
2
(85)
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〈Φ(n)α(0)|ie±iϕ
[(
ρ
∂
∂z
− z ∂
∂ρ
∓ i z
ρ
∂
∂ϕ
)
sinF (ρ, z) cosΘ(ρ, z)
]
|iΦ(u)β′(0)〉
=
∫
ρdρdzN |ω0|nr N
|ω′0|
n′
r
(
√
αρ)
|ω0|+|ω
′
0|e−αρρ
2
NnzNn′ze
−αzz
2
×
{
ρ|ω0|+|ω
′
0|+1L|ω0|nr (αρρ
2)L
|ω′0|
n′
r
(αρρ
2)
×√αz
[(
nzHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)
Hn′
z
(
√
αzz)
+Hnz(
√
αzz)
(
n′zHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)]
−ρ|ω0|+|ω′0|−1
[(
(2nr + |ω0| − αρρ2)L|ω0|nr (αρρ2)− 2(nr + |ω0|)L|ω0|nr−1(αρρ2)
)
L
|ω′0|
n′
r
(αρρ
2)
+L|ω0|nr (αρρ
2)
(
(2n′r + |ω′0| − αρρ2)L|ω
′
0|
n′
r
(αρρ
2)− 2(n′r + |ω′0|)L|ω
′
0|
n′
r
−1(αρρ
2)
)
± L|ω0|nr (αρρ2)L
|ω′0|
n′
r
(αρρ
2)
]
×Hnz(
√
αzz)zHn′
z
(
√
αzz)
}
sinF (ρ, z) cosΘ(ρ, z)δK3∓ 12K′3±
1
2
(86)
〈Φ(n)α(0)|ie±iϕ
[(
ρ
∂
∂z
− z ∂
∂ρ
∓ i z
ρ
∂
∂ϕ
)
sinF (ρ, z) sinΘ(ρ, z)e−imϕ
]
|iΦ(u)β′(2)〉
=
∫
ρdρdzN |ω0|nr N
|ω′2|
n′
r
√
αρ)
|ω0|+|ω
′
2|e−αρρ
2
NnzNn′ze
−αzz
2
×
{
ρ|ω0|+|ω
′
2|+1L|ω0|nr (αρρ
2)L
|ω′2|
n′
r
(αρρ
2)
×√αz
[(
nzHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)
Hn′
z
(
√
αzz)
+Hnz(
√
αzz)
(
n′zHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)]
−ρ|ω0|+|ω′2|−1
[(
(2nr + |ω0| − αρρ2)L|ω0|nr (αρρ2)− 2(nr + |ω0|)L|ω0|nr−1(αρρ2)
)
L
|ω′2|
n′
r
(αρρ
2)
+L|ω0|nr (αρρ
2)
(
(2n′r + |ω′2| −m− αρρ2)L|ω
′
2|
n′
r
(αρρ
2)− 2(n′r + |ω′2|)L|ω
′
2|
n′
r
−1(αρρ
2)
)
± L|ω0|nr (αρρ2)L
|ω′2|
n′
r
(αρρ
2)
]
×Hnz(
√
αzz)zHn′
z
(
√
αzz)
}
sinF (ρ, z) sinΘ(ρ, z)δK3∓ 12K′3±
1
2
. (87)
Other elements can be obtained in the same manner. In Appendix B, we shall present these calculations in more
detail.
D. Numerical Convergence
In this subsection, we show the convergence of the soli-
ton energy Estatic with respect to T) K3 with the basis
number fixed, and U) the number of the basis (discretized
momentum number) with K3 fixed.
Fig.10 shows the case of T) with B = 3. As can be
seen, the energy is almost convergent at the (K3)max =
10. In the case of U), the energy is not perfectly conver-
gent up to Nrmax = Nzmax = 22 (see Fig.11). Therefore,
all our results have 1− 2 % uncertainty.
V. CONCLUSIONS
In this paper, we studied axially symmetric soliton so-
lutions with B = 2− 5 in the chiral quark soliton model.
The one-quark spectral flow analysis indicates that the
number of diving states from positive continuum to neg-
ative coincide with the baryon number. As is shown in
Table I, the valence quark spectra contain double degen-
eracy, realisng lower energy than non-degenerate states.
Therefore, our solitons are stable although they are not
necessarily minimal energy one, which confirms that they
are good saddle point solutions.
Upon quantization, we computed zero-mode rotational
corrections to the classical energy. The study of the
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FIG. 11: Convergence for the basis number - Estatic.
(K3)max is fixed by 6.
TABLE IV: B = 2, mass spectrum up to i, j ≤ 3, k3 ≤ 1.
Classification (i, j, k3) Parity Mass[MeV ]
NN(3S1) (0, 1, 0) + 2264
NN(1S0) (1, 0, 0) + 2290
N∆(3P2) (1, 2, 1) − 2399
N∆(5S2) (1, 2, 0) + 2477
N∆(3S1) (2, 1, 0) + 2528
∆∆(7S3) (0, 3, 0) + 2576
∆∆(1S0) (3, 0, 0) + 2730
∆∆(5P3) (2, 3, 1) − 2762
TABLE V: B = 4, mass spectrum up to i ≤ 3, j ≤ 5, k3 ≤ 1.
Classification (i, j, k3) Parity Mass[MeV ]
4N(1S0) (0, 0, 0) + 4753
4N(5S2) (0, 2, 0) + 4807
2N 2∆(7P4) (0, 4, 1) − 4808
4N(3S1) (1, 1, 0) + 4813
4N(1S0) (2, 0, 0) + 4879
3N ∆(7S3) (1, 3, 0) + 4904
4N(5S2) (2, 2, 0) + 4934.2
2N 2∆(7S4) (0, 4, 0) + 4934.3
2N 2∆(9P4) (2, 4, 1) − 4935
N 3∆(9P5) (1, 5, 1) − 4941
3N ∆(3S1) (3, 1, 0) + 5025
N 3∆(9S5) (1, 5, 0) + 5046
2N 2∆(9S4) (2, 4, 0) + 5061
3N ∆(7S3) (3, 3, 0) + 5115
N 3∆(9P5) (3, 5, 1) − 5152
N 3∆(9S5) (3, 5, 0) + 5278
Finkelstein-Rubinstein constraints indicates that the ax-
ially symmetric solution with even B has the same quan-
tum number as the physically observed nuclei. These
results are shown in Table IV and V. Some of the states
may be observed in experiments. For odd B, the con-
straint of C2 in Eq.(54) seems to assure the validity
of the ansatz. Indeed, it provides the ground state as
i = j = 1/2 for B = 3 and as i = 1/2, j = 3/2 for B = 5,
which exactly coincide with physical observations. This
seems to make sense since in the minimal energy con-
figurations with discrete symmetries, the solutions tend
to have i = j = 1/2 due to their shell-like structure.
However, unfortunately the constraint in Eq.(52) forbit
such states. Consequently, the axially symmetric solitons
with odd B emerge only as excited states. The resultant
lowest state is E = 3657 MeV with i = 1/2, j = 5/2 for
B = 3, and is E = 6591 MeV with i = 1/2, j = 7/2 for
B = 5.
Recently, we also studied classical multi-baryonic sys-
tems with discrete symmetries in the CQSM and found
larger degeneracy of the quark orbits than of the axi-
ally symmetric [8, 35]. For example, triply degenerate
bound spectrum is obtained in the B = 3 tetrahedral
soliton background. The interesting point is that the cor-
responding energy of the soliton is E ∼ 210 MeV which
is higher than the axially symmetric, E = 173 MeV (see
Table I). Likewise, for the B = 4 minimal energy soliton
with cubic symmetry, the valence quark spectrum shows
four-fold degeneracy with E ∼ 170 MeV while for the
axially symmetric, E = 106, 232 MeV. Thus, although
the degeneracy of the spectum indicates the stability of
the solutions, other factors should be also taken into ac-
count in regard to minimization of their classical ener-
gies. More detailed discussions on this subject will be
made elsewhere.
16
Acknowledgments
We thank S.Oryu for useful discussions. We are also
grateful to N.S.Manton to inform the paper of S.Krusch
(ref.[33]). One of us (Sawado) also thanks M.Kawabata
and K.Saito for their help of numerical computations.
[1] D. I. Diakonov, V. Yu. Petrov, and P. V. Pobylitsa, Nucl.
Phys. B306, 809 (1988).
[2] H. Reinhardt and R. Wu¨nsch , Phys. Lett. B 215, 577
(1988).
[3] Th. Meissner, F. Gru¨mmer, and K. Goeke, Phys. Lett.
B 227, 296 (1989).
[4] For detailed reviews of the model see:
R. Alkofer, H. Reinhardt and H. Weigel, Phys. Rept. 265,
139 (1996);
Chr. V. Christov, A. Blotz, H.-C.Kim, P. Pobylitsa, T.
Watabe, Th. Meissner, E. Ruiz Arriola, K. Goeke, Prog.
Part. Nucl. Phys. 37, 91 (1996).
[5] M. Wakamatsu and H. Yoshiki, Nucl. Phys. A524, 561
(1991).
[6] N. Sawado and S. Oryu, Phys. Rev. C 58, R3046 (1998).
[7] N. Sawado, Phys. Rev. C 61, 65206 (2000).
[8] N. Sawado, Phys. Lett. B 524, 289 (2002).
[9] E. Braaten, S. Townsend and L. Carson, Phys. Lett.
B235, 147 (1990).
[10] R.A.Battye and P.M.Sutcliffe, Phys. Rev. Lett. 79,363
(1997).
[11] C. J. Houghton, N. S. Manton and P. M. Sutcliffe, Nucl.
Phys. B510, 507 (1998).
[12] N. Sawado and N. Shiiki, Phys. Rev. D 66, 011501 (2002).
[13] P. Irwin, Phys. Rev. D61 114024 (2000).
[14] D. Y. Grigoriev, P. M. Sutcliffe and D. H. Tchrakian,
Phys. Lett. B 540, 146 (2002)
[15] V. A. Nikolaev, Y. V. Chubov and O. G. Tkachev,
hep-ph/0212014.
[16] A.Dhar, R.Shankar, S.R.Wadia, Phys. Rev. D31, 3256
(1985).
[17] D. Ebert, H. Reinhardt, Nucl.Phys. B271, 188,(1986).
[18] N. S. Manton, Phys. Lett. B 192, 177 (1987).
[19] V. B. Kopeliovich and B. E. Stern, Pis’ma Zh. E´ksp.
Teor. Fiz. 45, 165 (1987) [JETP Lett. 45, 203 (1987)].
[20] J. Verbaarschot, Phys. Lett. B 195, 235 (1987).
[21] H. Weigel, B. Schwesinger and G. Holzwarth, Phys. Lett.
B 168, 321 (1986).
[22] E. Braaten and L. Carson, Phys. Rev.D 38, 3525 (1988).
[23] S. Kahana, G. Ripka, and V. Soni, Nucl. Phys. A415,
351 (1984); S. Kahana and G. Ripka, ibid, A429, 462
(1984).
[24] A. P. Balachandran and S. Vaidya, Int. J. Mod. Phys. A
14, 445 (1999), hep-th/9803125.
[25] R.Rajaraman, Solitons and Instantons (North-Holland
Physics Publishing, Amsterdam, 1987).
[26] H. Reinhardt, Nucl. Phys. A503, 825 (1989).
[27] J. Schwinger, Phys. Rev. 82, 664 (1951).
[28] W. Koepf and P. Ring, Nucl. Phys. A493, 61 (1989).
[29] L. C. Biedenharn, Y. Dothan and M. Tarlini Phys. Rev.
D 31, 649 (1985).
[30] K. Goeke, A. Z. Go´rski, F. Gru¨mmer, Th. Meissner,
H. Reinhardt, and R. Wu¨nsch, Phys. Lett. B 256, 321
(1991).
[31] A. Bohr and B. Mottelson, Nuclear structure, Vol.II
(World Scientific Publishing Co. Pte. Ltd, Singapore,
1998).
[32] D. Finkelstein and J. Rubinstein, J. Math. Phys. 9 1762
(1968).
[33] S. Krusch, hep-th/0210310;
[34] Y. K. Gambhir, P. Ring, A. Thimet, Ann. Phys. 198 132
(1990).
[35] N.Sawado and N.Shiiki, in preparation.
APPENDIX A: EVALUATION OF THE MATRIX
ELEMENTS
In this appendix, we shall present detailed calculations
of the matrix elements,
∫
d3xφ†µHφν .
For the kinetic term of the elements, one gets
〈Φα(0)|σ · p|iΦβ′(0)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕ
×
( ∂
∂z
)
φ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω0ϕ
=
∫
ρdρdzφ|ω0|nr φ
|ω0|
n
r′
Nnze
−αzz
2
Hnz(
√
αzz)
×Nn′
z
√
αz
(
n′zHn′z−1(
√
αzz)− 1
2
Hn′
z
+1(
√
αzz)
)
= δnrn′rδω0ω0′NnzNn′z
1
N2nz
×√αz
(
n′zδnzn′z−1 −
1
2
δnznz′+1
)
.
(A1)
For (nz, n
′
z) = (1, 2), (3, 4), · · · or (nz, n′z) =
(0, 1), (2, 3), · · · , the righthand side of Eq.(A1) becomes
= δnrn′rδω0ω′0
Nn′
z
Nnz
√
αzn
′
zδnzn′z−1 . (A2)
For (nz, n
′
z) = (1, 0), (3, 2), · · · or (nz, n′z) =
(2, 1), (4, 3), · · · ,
= −1
2
δnrn′rδω0ω′0
Nn′
z
Nnz
√
αzn
′
zδnrn′r+1 . (A3)
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Also,
〈Φα(0)|σ · p|iΦβ′(1)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕe−iϕ
×
( ∂
∂ρ
− i
ρ
∂
∂ϕ
)
φ
|ω′1|
n′
r
(ρ)φn′
z
(z)eiω1ϕ
= δω0ω′1δnzn′z
∫
ρdρφ|ω0|nr
( ∂
∂ρ
+
ω′1
ρ
)
φ
|ω′1|
n′
r
= δω0ω′1δnzn′z
∫
ρdρ(
√
αρ)
|ω0|+|ω
′
1|ρ|ω0|+|ω
′
1|−1e−αρρ
2
×N |ω0|nz N
|ω′1|
n′
z
L|ω0|nr (αρρ
2)
(
(2n′r + |ω′1|+ ω′1 − αρ2)
×L|ω′1|n′
r
(−αρρ2)− 2(n′r + |ω′1|)L|ω
′
1|
n′
r
−1(αρ
2)
)
. (A4)
For ω0 ≥ 0 (ω′1 = ω0 + 1 > 0), the righthand side of
Eq.(A4) becomes
= δnzn′z
∫
ρdρ(
√
αρ)
2ω0+1ρ2ω0e−αρρ
2
Nω0nrN
ω0+1
n′
r
×Lω0nr(αρρ2)(2n′r + 2ω0 + 2)Lω0n′r(αρρ
2)
−δnzn′z
∫
ρdρ(
√
αρ)
2ω0+3ρ2ω0+2e−αρρ
2
Nω0nzN
ω0+1
n′
z
×
(
Lω0+1nr (αρρ
2)− Lω0+1nr−1(αρρ2)
)
Lω0+1n′
r
(αρρ
2)
= δnzn′z
√
αρN
ω0
nrN
ω0+1
n′
r
(2n′r + 2ω0 + 2)
1
Nω02nr
δnrn′r
−δnzn′z
√
αρN
ω0
nrN
ω0+1
n′
r
×
( 1
Nω0+12nr
δnrn′r −
1
Nω0+12nr
δnr−1n′r
)
= δnzn′z
√
αρ(2
√
nr + ω0 + 1δnrn′r
−√nr + ω0 + 1δnrn′r +
√
nrδnr−1n′r )
= δnzn′z
√
αρ(
√
nr + ω0 + 1δnrn′r +
√
nrδnr−1n′r ) (A5)
where
Nω0nrN
ω0+1
n′
r
δnrn′r
Nω02nr
=
δnrn′r√
nr + ω0 + 1
, (A6)
Nω0nrN
ω0+1
n′
r
δnrn′r
Nω0+12nr
=
√
nr + ω0 + 1δnrn′r , (A7)
Nω0nrN
ω0+1
n′
r
δnr−1n′r
Nω0+12n′
r
=
√
nrδnr−1n′r . (A8)
have been used.
Likewise, for ω0 < 0 (ω
′
1 = ω0 + 1 ≤ 0),
= δnzn′z
∫
ρdρ(
√
αρ)
−2ω0−1ρ−2ω2−2e−αρρ
2
×N−ω0nr N−ω0−1n′r L
−ω0
nr (αρρ
2)ρ
d
dρ
L−ω0−1n
r′
(αρρ
2)
−δnzn′z
∫
ρdρ(
√
αρ)
−2ω0+1ρ−2ω0e−αρρ
2
×N−ω0nr N−ω0−1n′r L
−ω0
nr (αρρ
2)L−ω0−1n′
r
(αρρ
2)
= δnzn′z
∫
ρdρ(
√
αρ)
−2ω0−1ρ−2ω2−2e−αρρ
2
×N−ω0nr N−ω0−1n′r L
−ω0
nr (αρρ
2)(−2αρ2)L−ω0−1n
r′
(αρρ
2)
−δnzn′z
∫
ρdρ(
√
αρ)
−2ω0+1ρ−2ω0e−αρρ
2
×N−ω0nr N−ω0−1n′r L
−ω0
nr (αρρ
2)
×
(
L−ω0n′
r
(αρρ
2)− L−ω0n′
r
−1(αρρ
2)
)
= −2δnzn′z
√
αρN
−ω0
nr N
−ω0−1
n′
r
1
N−ω0 2nr
δnrn′r−1
−δnzn′z
√
αρN
−ω0
nr N
−ω0−1
n′
r
×
( 1
N−ω02nr
δnrn′r −
1
N−ω02nr
δnrn′r−1
)
= −δnzn′z
√
αρ(2
√
nr + 1δnrn′r−1
+
√
nr − ω0δnrn′r −
√
nr + 1δnrn′r−1)
= −δnzn′z
√
αρ(
√
nr − ω0δnrn′r +
√
nr + 1δnrn′r−1)
(A9)
where
N−ω0nr N
−ω0−1
n′
r
δnrn′r−1
N−ω02nr
=
√
nr + 1δnrn′r−1, (A10)
N−ω0nr N
−ω0−1
n′
r
δnrn′r
N−ω02nr
=
√
nr − ω0δnrn′r , (A11)
N−ω0nr N
−ω0−1
n′
r
δnrn′r−1
N−ω02n′
r
=
√
nr + 1δnrn′r−1 (A12)
have been used. In the same manner, elements,
〈Φα(1)|σ · p|iΦβ′(0)〉〈Φα(1)|σ · p|iΦβ′(1)〉
〈Φα(2)|σ · p|iΦβ′(2)〉〈Φα(2)|σ · p|iΦβ′(3)〉
· · · (A13)
can be analytically calculated.
Since σ ·p does not contain isospin operators, following
elements vanish
〈Φα(0)|σ · p|iΦβ′(2)〉〈Φα(0)|σ · p|iΦβ′(3)〉
〈Φα(1)|σ · p|iΦβ′(2)〉〈Φα(1)|σ · p|iΦβ′(3)〉
· · · . (A14)
For the potential term in the Hamiltonian given by
M
(
cosF (ρ, z) iτ · nˆ sinF (ρ, z)
−iτ · nˆ sinF (ρ, z) − cosF (ρ, z)
)
,
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only following matrix elements survive
〈Φα(0)|M cosF (ρ, z)|Φα′(0)〉
=
∫
ρdρdzM cosF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ|ω0|n′r (ρ)φn′z(z) (A15)
〈Φα(0)|iMτ · nˆ sinF (ρ, z)|Φβ′(0)〉
= −
∫
ρdρdzM cosΘ(ρ, z) sinF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ|ω0|n′r (ρ)φn′z (z) (A16)
〈Φα(0)|iMτ · nˆ sinF (ρ, z)|Φβ′(2)〉
= −
∫
ρdρdzM sinΘ(ρ, z) sinF (ρ, z)
×φ|ω0|nr (ρ)φnz (z)φ|ω2|n′r (ρ)φn′z (z) . (A17)
Other elements of the potential term can be calculated
in the same manner.
APPENDIX B: EVALUATION OF THE
MOMENTS OF INERTIA
In this appendix, we shall give the detailed derivation to obtain matrix elements in Eq.(85).
For the first term in Eq.(85), one obtains
〈Φ(n)α(0)|e±iϕ
(
ρ
∂
∂z
cosF (ρ, z)
)
|Φ(u)α′(0)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0ϕe±iϕ
(
ρ
∂
∂z
cosF (ρ, z)
)
φ
|ω′0|
n′
r
(ρ)φn′
z
(z)eiω
′
0ϕ
=
∫
ρdρdzφ|ω0|nr (ρ)φnz (z)
(
ρ
∂
∂z
cosF (ρ, z)
)
φ
|ω′0|
n′
r
(ρ)φn′
z
(z)δK3∓ 12K′3±
1
2
. (B1)
Performing partial integration with respect to z in Eq.(B1),
= −
∫
ρdρdzφ|ω0|nr (ρ)ρφ
|ω′0|
n′
r
(ρ)
∂
∂z
(
φnz (z)φn′z (z)
)
cosF (ρ, z)δK3∓ 12K′3±
1
2
= −
∫
ρdρdzN |ω0|nr N
|ω′0|
n′
r
(
√
αρ)
|ω0|+|ω
′
0|ρ|ω0|+|ω
′
0|+1e−αρρ
2
L|ω0|nr (αρρ
2)L
|ω′0|
n′
r
(αρρ
2)
×NnzNn′z
√
αze
−αzz
2
[(
nzHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)
Hn′
z
(
√
αzz)
+Hnz(
√
αzz)
(
n′zHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)]
cosF (ρ, z)δK3∓ 12K′3±
1
2
. (B2)
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Similarly, performing partial integration with respect to ρ, one obtains
〈Φ(n)α(0)|e±iϕ
(
z
∂
∂ρ
cosF (ρ, z)
)
|Φ(u)α′(0)〉
=
1
2π
∫
d3xφ|ω0|nr (ρ)φnz (z)e
−iω0φe±iϕ
(
z
∂
∂ρ
cosF (ρ, z)
)
φ
|ω′0|
n′
ρ
(ρ)φn′
z
(z)eiω
′
0ϕ
=
∫
ρdρdzφ|ω0|nr (ρ)φnz (z)
(
z
∂
∂ρ
cosF (ρ, z)
)
φ
|ω′0|
n′
ρ
(ρ)φn′
z
(z)δK3∓ 12k′3±
1
2
= −
∫
dρdz
∂
∂ρ
(
ρφ|ω0|nr (ρ)φ
|ω′0|
nr (ρ)
)
φnz (z)zφn′z(z) cosF (ρ, z)δK3∓ 12K′3±
1
2
= −
∫
ρdρdzN |ω0|nr N
|ω′0|
n′
r
(
√
αρ)
|ω0|+|ω
′
0|ρ|ω0|+|ω
′
0|−1e−αρρ
2
×
[(
(2nr + |ω0| − αρρ2)L|ω0|nr (αρρ2)− 2(nr + |ω0|)L|ω0|nr−1(αρρ2)
)
L
|ω′0|
n′
r
(αρρ
2)
+L|ω0|nr (αρρ
2)
(
(2n′r + |ω′0| − αρρ2)L|ω
′
0|
n′
r
(αρρ
2)− 2(n′r + |ω′0|)L|ω
′
0|
n′
r
−1(αρρ
2)
)]
×NnzNn′ze−αzz
2
Hnz(
√
αzz)zHn′
z
(
√
αzz) cosF (ρ, z)δK3∓ 12K′3±
1
2
. (B3)
Finally, we reach the final answer
〈Φ(n)α(0)|e±iϕ
[(
ρ
∂
∂z
− z ∂
∂ρ
∓ i z
ρ
∂
∂ϕ
)
cosF (ρ, z)
]
|Φ(u)α′(0)〉
= −
∫
ρdρdzN |ω0|nr N
|ω′0|
n′
r
(
√
αρ)
|ω0|+|ω
′
0|e−αρρ
2
NnzNn′ze
−αzz
2
×
{
ρ|ω0|+|ω
′
0|+1L|ω0|nr (αρρ
2)L
|ω′0|
n′
r
(αρρ
2)
×√αz
[(
nzHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)
Hn′
z
(
√
αzz)
+Hnz(
√
αzz)
(
n′zHnz−1(
√
αzz)− 1
2
Hnz+1(
√
αzz)
)]
−ρ|ω0|+|ω′0|−1
[(
(2nr + |ω0| − αρρ2)L|ω0|nr (αρρ2)− 2(nr + |ω0|)L|ω0|nr−1(αρρ2)
)
L
|ω′0|
n′
r
(αρρ
2)
+L|ω0|nr (αρρ
2)
(
(2n′r + |ω′0| − αρρ2)L|ω
′
0|
n′
r
(αρρ
2)− 2(n′r + |ω′0|)L|ω
′
0|
n′
r
−1(αρρ
2)
)
± L|ω0|nr (αρρ2)L
|ω′0|
n′
r
(αρρ
2)
]
×Hnz(
√
αzz)zHn′
z
(
√
αzz)
}
cosF (ρ, z)δK3∓ 12K′3±
1
2
. (B4)
